Necessary and sufficient conditions are obtained so that every solution of Ž Ž .
Ž . Ž ..
X
Ž . Ž Ž ..
Ž . y t y p t y t y q Q t G y t y s f t is oscillatory or tends to zero or
Ž . to "ϱ as t ª ϱ. The problem is considered in various ranges for p t . Ž . is oscillatory or tends to zero as t ª ϱ. We assume that G g C R, R , Ž . Žw . w .. Žw . . xG x ) 0 for x / 0, G 0, G 0, Q g C 0, ϱ , 0, ϱ , f g C 0, ϱ , R 1 Žw . . X Ž . Ž . and there exists F g C 0, ϱ , R such that F t s f t . Suppose that Ž .
Ž . H G is nondecreasing and lim F t exists.
1 t ªϱ Žw . . Ž . Ž . Various ranges for p g C 0, ϱ , R are considered viz., i 0 F p t F p 1 Ž . Ž . Ž . Ž . Ž . -1, ii y1 -yp F p t F 0, iii yp F p t F yp -y1, and iv 2 4 3 Ž . 1 -p F p t F p , where p , 1 F i F 6, is a positive real number. Section 5 6 i Ž . 2 is devoted to the study of Eq. 1 and in Section 3 we consider X 2 y t y p t y t y y Q t G y t y s f t .
Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .
In the literature, there are few results concerning necessary and suffi-Ž . Ž . cient conditions for oscillation of all solutions of 1 where f t k 0 and Ž w x. the coefficient functions are not real constants see 2, 6 . The oscillatory behaviour of homogeneous equations with constant coefficients is usually characterized by the nonexistence of real roots of the associated characterw x w x istic equations 3, 4 . In a recent paper 2 , Das and Misra have studied Eq. Ž .
Ž . Ž . 1 where p t s p, 0 F p -1, f t ) 0, and G satisfies the generalized sublinear condition, viz.,
0 for every positive constant K. Their method has made the proof unnecessarily complicated and does not allow f ' 0 and G to be superlinear. Thus their result is applicable to only strictly nonhomogeneous equations. However, our results hold for both forced and unforced equations and allow G to be linear or sublinear or superlinear. This is possible due to repeated w x Ž . use of Lemma 1.5.2 in 3 . In the present work f t is allowed to change Ž . w x sign or f t could be ' 0. In an earlier work 6 , we considered this Ž . Ž . w x problem in the restricted sense with p t s p and f t G 0. In 1, 5 , the Ž . Ž . authors have considered Eq. 1 with G u s u and f ' 0.
Ž . w . Ž w By a solution of 1 on T, ϱ , T G 0 we mean a function y g C T y
. . Ž . Ž . Ž . r, ϱ , R such that y t y p t y t y is continuously differentiable and Ž . Ä 4 Eq. 1 is satisfied identically for t G T, where r s max , and T Ž . depends on y. Such a solution of 1 is said to be oscillatory if it has arbitrarily large zeros; otherwise, it is called nonoscillatory.
2
This section contains our main results. We need the following lemma Ž w x. Lemma 1.5.2 of 3 for our work in the sequel.
Ž . where c G 0. Suppose that p t is in one of the following ranges:
Ž . ² : claim that y t is bounded. If not, then there exists a sequence t such n Ž .
Ž . Ä Ž . 4 that t ª ϱ, y t ª yϱ as n ª ϱ and y t s min y s :
We may choose n sufficiently large such that t y ) T . Then
Ž . implies that w t -0 for large n, a contradiction to the fact that w t G 0, 
where T ) T implies that
Ž . Ž . due to H . However, from 5 one obtains sufficiency part of the theorem is proved. Ž . In order to prove that the condition H is necessary, we assume that
H 0 Ž . and show that Eq. 1 admits a positive solution which does not tend to zero as t ª ϱ when the limit exists. There exist t , t ) 0 such that
w . bounded continuous functions on t , ϱ . Clearly, X is a Banach space with
x . is a partially ordered Banach space 3, see p. 30 . For u,¨g X, we define u F¨if and only if¨y u g K. Let 
w . Thus Ty is a real-valued continuous function on t , ϱ for every y g S,
Ž . Ž . 
Ž . Ž . Ž . -y1 and H and H hold, then e¨ery solution of 1 oscillates or tends 1 2 to zero as t ª ϱ.
The proof is similar to the sufficiency part of Theorem 2.2 and hence is omitted. 
Ž . Then e¨ery solution of 1 oscillates or tends to zero or tends to "ϱ as t ª ϱ.
Ž .
Ž . w . Proof. Let y t be a nonoscillatory solution of 1 on T , ϱ , T G 0. 
Ž . z t ) yp t y t y G yp y t y for t G T , then lim
y t s ϱ. 
Ž .
In the following, we show that 1 admits a positive solution which does not tend to zero as t ª ϱ when the limit exists. Let K be the Lipschitz 1 wŽ . x Ä Ž .4 constant of G on 1 y p r10, 1 and K s max K , G 1 . It is possible to 2 1 choose t ) 0 such that
Ž .
2 is a complete metric space. Let T : X ª X be defined by
¡ w x
Ty t q r , t g t , t q r Ž . 1 q 4 p 2 p t y t y q Ž . Ž .
Ty t G yp q y s .
Ž . w x for t g t , t q r and for t G t q r, 2 
2
Tu t y T¨t F p t u t y y¨t y
Ž . It may be easily verified that b ) a ) 0, since 0 -p F p and p -p 2 . It
Ty t q r , t g t , t q r Ž . 3 4 for t G t q r. Hence Ty g X for y g X. Clearly, Ž . One may proceed as in the proof of Theorem 3.1 to arrive at the conclusion.
Ž .
Ž . Ž . THEOREM 3.5. Let 1 -p F p t F p and H and H hold. Then
